Final Exam — Functional Analysis (WIFA—08)
Tuesday 4 April 2017, 9.00h—12.00h

University of Groningen

Instructions
1. The use of calculators, books, or notes is not allowed.

2. All answers need to be accompanied with an explanation or a calculation: only
answering “yes”, “no”, or “42” is not sufficient.

3. If p is the number of marks then the exam grade is G = 1 4 p/10.

Problem 1 (10 + 5 + 5 4+ 5 = 25 points)

Consider the following normed linear space:
X ={f:]a,b] > K : fis bounded},
If]l = sup [f(z)].

x€a,b|

(a) Prove that X is a Banach space (i.e., every Cauchy sequence has a limit).
(b) Prove that V = {f € X : f(a) = f(b) = 0} is a linear subspace of X.

(c) Prove that V is closed in X.

(d) Compute dim (X/V).

Problem 2 (6 + 3 + 8 + 8 = 25 points)

Let o € C satisfy |a] < 1 and consider the following linear operator:
T:0? =0 (x1,09,73,...) (axy, &*x9, P23, .. ).

Prove the following statements:

(a) T = laf;

(b) T is selfadjoint if and only if a € R;

)
(c¢) T is compact;
(d) o(T) ={a"™ : ne N} U{0}.
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Problem 3 (5 + 3 + 7 + 5 = 20 points)

(a) Formulate Baire’s theorem for metric spaces.

(b) Let || - || be any norm on the space
P={p:K— K : pisa polynomial}.

Prove the following statements:

(i) P, ={p € P : degp <n} is closed for each n € NU{0};
(ii) P, is nowhere dense for each n € NU {0};

(iii) P is not a Banach space.

Problem 4 (5 + 5 + 3 + 7 = 20 points)

(a) Formulate the Hahn-Banach theorem for normed linear spaces.

(b) Let X be an infinite-dimensional normed linear space over C. Pick zy € X,
xg # 0, and let V' = span{xo}. Define the linear functional f : V" — C by
setting f(Axg) = (1 + 4i)A||xol|-

Does there exist a functional g € X’ such that g[V = f and:
1) llgll=47

(i) gl = V177

(iii) [|gll =237

End of test (90 points)
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Solution of Problem 1 (10 + 5 + 5 + 5 = 25 points)

(a) If (f,) is a Cauchy sequence in X, then for each € > 0 there exists N € N such

that
nm>N = |fn— ful <e.

In particular, for each xy € [a, ] it follows that

n,m=N = |fulzo) = fm(z0)] <€, (1)
which means that (f,(zo)) is a Cauchy sequence in K.
(3 points)

Since K is complete the sequence (f,(zo)) converges. Hence, we can define
f:la,b] = K by
f(l‘o) = nlggo fn(xo)a Ty € [av b]

(2 points)
Taking m — oo in the inequality (1) gives
n=N = |falz0) = flzo)] <&,

and since zy € [a, b] is arbitrary it follows that

n>N = |fa=Ffl= sup |fulzo) = flzo)| <,

z0€la,b)
which means that f, — f in X.
(3 points)
Finally, with n = N it follows that fy — f € X so that f = fy — (fxv — f) € X.
(2 points)
If f,g eV and A\, u € K then

(Af + ng)a) = Af(a) + pg(a) =0,

(Af + ng)(b) = Af(b) + pug(b) = 0,
which implies that A\f + pug € V. This proves that V is a linear subspace of X.
(5 points)
If f €V, then there exists a sequence f,, € V such that f, — f. Hence

[f(a)] = [f(a) = fula)] < [If = full =0,

which implies that f(a) = 0. Similarly, it follows that f(b) = 0. We conclude
that f € V so that V is closed.

(5 points)

Define the linear map 7 : X — K? by T'f = (f(a), f(b)). Then ker T' =V

and obviously ran7 = K?. Note that X/ker T ~ ranT which implies that
dim (X/V) = 2.

(5 points)
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Solution of Problem 2 (6 + 3 + 8 + 8 = 25 points)

(a)

Since |a| < 1 it follows that |a|™® < |a| for each n € N. Let x € £% be arbitrary,
then

|1 T||* = Z|a o |* = Zla\Qn\xn\2<\a| Z\W e[|,

which shows that || |
T

17} =
o Jloll =

(4 points)

Note that for x = (1,0,0,...) we have ||z|| = 1 and ||Tz|| = |&| which implies
that || 7] = |a.
(2 points)

If 2,y € % then

(Tz,y) Zoz TnYn = Zfb’na Yn = (z,T"y)

which shows that T*y = (ay;, @*ys, @3ys,...). In particular, it follows that
T =T~ if and only if a € R.

(3 points)
Define for k € N the operator

Ty : 02 = 2, (21,29,23,...) = (ax1,...,0"24,0,0,0,...)

The same argument as in part (a) shows that T}, is bounded. In addition, ran T
is finite-dimensional, which implies that T} is compact.

(4 points)
Let o € /2 be arbitrary, then

[eS) [eS)
T =Tl = D laleal® < [af*2 > fal* < a2
n=k+1 n=k+1

which shows that ||T' — Ty || < |a|?***% — 0 as k — co. Since each T}, is compact
it follows that T" is compact as well.

(4 points)

Clearly, o” is an eigenvalue of T for each n € N. The corresponding eigenvector
is given by the n-th standard unit vector. Hence, {a" : n € N} C o(T).

(2 points)

Note that " — 0 since |a| < 1. Since the spectrum is closed it follows that
0€o(T) as well.

(1 point)
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If A ¢ {a" : ne N}U{0}, then there exists § > 0 such that |\ —a”| > § for all

n € N. Note that
_ T ) T3
T—\N"1z=
( )7 (a—A’aQ—)\’a3—)\’ )

|
H(T )\ .T”2 Z |Oé )\|2 — 52 Z‘ n‘2 2 H.T”2,

which shows that (T'— \)~! is bounded so that A\ € p(T). Hence, o(T) = {a™ :
n € N} U {0}.
(5 points)

so that
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Solution of Problem 3 (5 + 3 + 7 + 5 = 20 points)

(a) Let X be a complete metric space and let O C X be nonempty and open. Then
O is nonmeager.

(5 points)

(b) (i) Note that P, = {p € P : degp < n} is a finite-dimensional subspace of
the normed linear space P. This implies that P,, is closed.

(3 points)

(i) We need to prove that int P, = (), or, equivalently, since P, is closed, that
int P, = 0.
(2 points)

If py € int P,, then there exists € > 0 such that
{pe?P:|p—poll <e} CPu
Let ¢ € P be a nonzero polynomial and define ¢ = py + 3¢¢/||¢|| then
g — poll = %57
which implies that ¢ € P,,. In turn, this implies that

2||ql| ~
qzy(q—po)é?n

g € P, so that P = P,,, which is a contradiction. Hence, int P,, = (.
(5 points)

(iii) If P is a Banach space, then it is also a complete metric space. Since

P= G Pn
n=0

it would follow from Baire’s theorem that at least one of the sets P, is
not nowhere dense. This contradicts the conclusion of part (ii). Hence, we
conclude that P is not a Banach space.

(5 points)
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Solution of Problem 4 (5 + 5 + 3 + 7 = 20 points)

(a) Let X be a normed linear space and V' C X a linear subspace. For each f € V'
there exists F' € X' such that F[V = f and || F|| = || f]]-

(5 points)
(i) Note that

(b)

A 1+ 44| A .
11 = sup O Iy 5
o Dol 58 Al

This means that if ¢ € X’ and g[V = f then ||g|| > ||f|| = V17. This
implies that there does not exist an extension g of f such that ||g|| = 4.

(5 points)

By the Hahn-Banach theorem there exists an extension g € X’ of f such
that gl = I/ = VI7.

(3 points)

Pick a nontrivial z; € X such that {zg,z;} is a linearly independent set
and define ¢ : span {xg, 21} — C by setting

9o + prry) = (14 i) Al|ol| + 23pl[ 4] (2)

Clearly, ¢ is linear and g[span{xo} = f. Since g is defined on a finite-
dimensional space it is automatically bounded. Note that |g(uxy)|/||pz1] =
23 for all p # 0 so that ||g|| > 23.

(5 points)

Now use the Hahn-Banach theorem to extend ¢ to all of X while preserving
the norm.

(2 points)
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